The theory of stability of relativistic matter seem to suggest that at high enough energies Quantum Electrodynamics may not be a well behaved theory.We show that, this is true for QED with infinite number of flavours of Fermions, where e 2 N f is held constant, while number of flavour , N f → ∞ ;
In quantum theory a many-body system with ground state energy E 0 is called thermodynamically stable or simply stable, if E 0 /N is bounded bellow when the number of particles, N → ∞. In this context, the question of stability of matter consisting of negatively charged electrons and positively charged nuclei is very important.Surprisingly, the question remained open for a long time since the advent of quantum mechanics. It was in 1967 when Dyson and Lenard proved that, in the framework of nonrelativitic quantum mechanics, matter consisting of N electrons and K static point nuclei, is stable [1] . Subsequently, Lieb and his collaborators have made a very detailed investigation of the stability of matter in nonrelativistic as well as relativistic case ( [2] and references there in ). In one of their recent publications, Lieb et al investigate the stability of matter with magnetic fields using Dirac equation for electrons [3] . In this, as well as other publications ( [2] and references there in), Lieb and his collaborators suggest that at high enough energies Quantum Eletrodynamics may not be a well behaved theory. Here we argue that, there exists one approximation scheme for QED in which it is really so -the perturbative ground state of QED is unstable. This is the large flavour limit of QED, where number of flavours, N f , tends to infinity, while e 2 N f is held fixed , "e" is the QED coupling constant. Thermodynamic stability of a system of particles interacting via electromagnetic interaction is associated with the control of the short distance behaviour of the interaction. In the nonrelativistic limit, zero point kinetic energy of the fermions controls this short distance behavoiur-however, in the relativistic limit, there is a need for certain bounds on the value of the fine structure constant [2] [3] [4] . In the infinite flavour limit of QED, Landau singularity becomes exact and it is well known that this is also associated with the short distance behaviour of the electromagnetic interaction [5] . Latter, we shall argue that Landau singularity reflects the instability of the ground state of QED. Therefore, in our field theoretic model of large flavour QED, Landau singularity, becomes the equivalent of thermodynamic instability in many-body systems of particles.
I. THE LARGE FLAVOUR QED
The low energy many-body system of fermions corresponding to infinite flavour QED, should taken be as finite specieses of fermions with masses bellow some finite cutoff limit ( others posses high mass and therefore are not excited at low energy). In this way we avoid confusion that may arise due to the double limit, number of particles, N and number flavour N f , both tending to infinity. In this case, the stability of the many-body system in the nonrelativistic as well relativistic case is the same as in the case of single flavour fermions. In the full QED, however, all specieses of fermions are excited and to avoid additional complication , we will assume them to be of the same mass.This does not change the qualitative picture in any way.
In large flavour QED with N f − flavours, calculations become very simple in the limit N f →∞. We carry out expansion in 1/N f , instead of standard perturbative expansion in the fine structure constant. The essential idea is to replace e→e/ N f , and consider the Lagrangian,
where ψ is the Dirac field, and A µ and F µν are the potential and the field strength respectively. In the leading (zeroth) order in 1/N f , the fermion integration in the functional integral for the generating function can be carried out and the fermion determinant can be exactly calculated.(In the Feynman diagrams for photon propagator , only the the singleloop diagrams survive). The renormalized running (effective) coupling constant at energy, k 2 = Λ 2 , up to the leading order in 1/N f , is given by
where we have used e 2 = e 2 (k 2 = m 2 ), for the physical coupling constant. One can easily infer that the running coupling constant blows up at, Λ 2 = m 2 exp(3π/e 2 ) This is known as Landau singularity in QED [5] . It is easy to see that this singularity is associated with the short distance (large momentum) behaviour of the interaction. To understand the meaning of Landau singularity, here we refer to the renormalisation group analysis of weakly interacting Fermi system with short range potential at finite density and zero temparature by Feldman et al [6, 7] . The iterative renormalization group transformations leads to the same type of singularity in some suitably defined running coupling constant.
II. FELDMAN MODEL OF WEAKLY INTERACTING ELECTRON GAS
We briefly describe here the Feldman Model of weakly interacting electron gas.Our de- Let us consider a system of non-relativistic free electrons in d spatial dimensions with the Euclidean action,
The Euclidean free fermion Green's function, G 0 σσ ′ (x−y), where σ and σ ′ are the spin indices, x = (t, x) and y = (s, y), t and s are imaginary times, t > s, is given by,
Where we have used (dk) = 1 (2π) ( d+1) d d+1 k. In the scaling limit, it suffices to find the leading contribution to G 0 F , then p << k F , and we can approximate the integrand of Eq.(4), by dropping p 2 term in the denominator.In other words,
where dσ( ω) is the uniform measure on unit sphere and
is the Green's function of chiral Dirac fermion in 1 + 1 dimension. v F = k F /m is the Fermi velocity.The ω-integration in Eq.(5) can be further approximated by replacing it with summation over discrete directions ω j by dividing the shell S
., N of roughly cubical shape.The box, B ω j , is centered at ω j ∈ S F and has an approximate side length k F λ .The number of boxes, N = Ω d−1 λ d−1 , where Ω d−1 is the surface volume of unit sphere in d spatial dimensions.The Green's function is, now, given by
where p = p ω + p ⊥ is a vector in B ω j − k F ω j and p 0 ∈ R. Thus in the scaling limit, the behaviour of a d-dimensional non-relastivistic free electron gas is described by N = Ω 
B. Renormalization Group Flow and the BCS Instability
Large scale behaviour of the weakly interacting system is described by an effective action.
To see how the effective action is calculated, let us consider a system with Euclidean action of the form,
where S 0 (ψ * , ψ) is the quadratic part given in Eq.(3) and S I (ψ * , ψ) is the quartic interaction term.For a weakly interacting electron gas,
The unit chosen ish = 1, the factor k 1−d F ensures that g 0 is dimensionless. In order to calculate the effective actions, we first split the field variable into slow and fast modes,ψ =
We then integrate out the fast modes using the functional integral for fermions,
The normalization Ξ ensures that S ef f (0, 0) = 0.Now using the linked cluster theorem, we obtain For carrying out these iterations, we need to find out how various terms in the action transform under rescaling and which diagrams contribute while integrating out the modes (decimation of degrees of freedom) to leading order in 1 λ .
Assume that the degrees of freedom corresponding to momenta not lying in S
F , denote these modes. The sector fields are defined as
It is easy to see that the Fourier transform of ψ ω,σ (x) has support in R × (B ω − k F ω) and ψ σ (x) = ω e ik F ω xψ ω,σ (x) . We want to write the action in terms of sector fields and, for that, we assume that the quadratic part S 0 and the quartic part S I for modes corresponding to momenta in S 
Therefore, instead of studying the quartic term of the original microscopic action, we should study the quartic (and higher order) term of the effective action at scale K F λ with λ = λ 0 >> 1 and g 0 λ 2 0 << 1.Using cluster expansions to integrate out the degrees of freedom corresponding to momenta outside the shell S (λ 0 ) F , one can show that , at scale k F λ , the effective action has the form given by Eq.(13) except thatv(k F ( ω 1 − ω 4 )) is replaced by a
Next, one considers the rescaling of the fields and the action.The fields are rescaled in such a that the supports of the Fourier transformed "sector fields" are boxes,
,of roughly cubical shape with sides of length k F , and such that the quadratic part of the action remains unchanged to leading order in 1 λ .The first condition implies that p −→p = pλ and x −→ ξ = x λ . The rescaled sector fields and their Fourier transforms are given by,
Inserting the scaled Fourier transformed fields into quadratic part of action S 0 , it is easy to see that S 0 remains unchanged if the scaling dimension α = d 2 . Now, inserting the rescaled fields in the quartic part of the action, we find that the quartic part has scaling dimension d) . The quartic terms of higher degree in momenta as well as terms of higher degree in fields appearing in the effective action have smaller scaling dimensions. Thus the effective action in terms of scaled sector fields is,
+terms of higher order in 1 λ (16)
In the expression above, a wave function renormalization term, Z has been introduced. We see that that the inverse propagator for the sector field is diagonal in ω ,and it depends only on p 0 and p = ω p but not on p ⊥ = p − ( ω. p) ω.
We are essentially interested in the renormalization group flow equations for Z, µ, v F and g( ω 1 , ω 2 , ω 3 , ω 4 ) in the leading order in 1 λ . Therefore, for carrying out the decimation of degrees of freedom, we will be interested only in those diagrams, that contribute to the amplitude in the leading order in 1 λ .Before we consider these diagrams, let us consider the possible inter sector scattering geometries.How many independent g (0) ( ω 1 , ω 2 , ω 3 , ω 4 ) exists? choices of the inner particle sector.Therefore, the contribution is of order zero in 1 λ . The amplitude corresponding to these tadpole and turtle diagrams turns out to be p-independent but of order O(g ( 0)).Thus, δµ 1 = O(g (0) /λ 0 ) , and the renormalized electron propagator is
To find the evolution of the coupling constant g( ω 1 , ω 2 , ω 3 , ω 4 ), we have to calculate amplitude of diagrams with four external legs. It is found that when ω 1 + ω 2 = ω 3 + ω 4 = 0, the coupling functions do not flow in the leading order in 1 λ . But for sector indices ω 1 + ω 2 = ω 3 + ω 4 = 0, the coupling functions, g 
We find that the renormalized value of g BCS is g (j+1)
BCS ( ω n , ω n−1 )...g (j)
The explicit expression for flow equation can be obtained by expanding the coupling functions g BCS ( ω, ω ′ ) = g BCS ( ω, ω ′ ) into spherical harmonics, g BCS ( ω, ω ′ ) = g l h l ( ω, ω ′ ). Up to terms of order 1 λ ,
The differential equation for the flow is obtained in the limit where the size, M-1, of the scale change in an iteration step tends to zero. Define g (j) l := g (λ j ) l , and consider a scale λ = e t λ 0 and then set M = e t ′ −t , t ′ > t. Next, define g l (t):=g l , and dividing both sides of the difference equation by (t ′ − t), we finally obtain
where γ = γ(t) > 0 . It is independent of l and approximately independent of t , and therefore, we set γ = γ 0 . The positivity of γ follows from slow monotone growth of β(t ′ − t)
in t ′ . Now, neglecting the error term, the solution can be written as,
If g l (0) < 0, the solution blows up at a scale t = −(γ 0 g l (0)) −1 i.e., for λ = λ 0 exp (−1/γ 0 g l (0)). Thus if there is an angular momentum channel, l , with attractive interactions (g l (0) < 0) the flow diverges at a finite value of the scaling parameter.This singularity reflects the BCS-instability of the ground state.
III. INSTABILITY OF PERTURBATIVE GROUND STATE IN QED
We have seen that in the case of large flavour QED as well as the weakly interacting Fermi system with attractive potential in any one of the angular momentum channel, the running coupling constants blow up at some finite value of their arguments.In the latter case, we know that the perturbative ground state is unstable (BCS instability): perturbation theory is built around the wrong ground state (the non-interacting Fermi gas). The electrons and holes are the elementary excitations around the perturbative ground state, and the Fock space is constructed using these single particle states. The instability, just mentioned, implies that such excitations do not exist-we require a modification of the excitation spectrum.But this implies that the new stable ground state is not in the eigenstate of particle number operator, N and the global U(1)gauge symmetry associated with the conservation of particle number (excitations) is broken. The BCS ground state of superconductivity [7] contains all these features.
The remarkable analogy of the evolution equations of the effective coupling constants in large flavour QED ( Eq.(2) ) and the condensed matter system above ( Eq.(20) ), lead to the conclusion that the perturbative ground state (vacuum state) is unstable in large flavour QED too. Landau singularity, just as in case of the condensed matter model, reflects the fact that we have constructed the perturbative theory around the "wrong" unstable ground state. In our model of QED, the elementary excitations around the perturbative vacuum or ground state are the electrons, positrons and photons and, therefore, instability of ground state or the vacuum implies that such excitations have become unstable. The new stable ground state would require modification of the particle spectrum. This would lead to the breaking of the U(1) global gauge symmetry associated with the charge conservation unless charge is totally screened by the new nonperturbative ground state ( [5, 8] and references there in).
